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Abstract 

Three-neutrino mixing schemes suggested by Cardall &: Fuller and Acker & Pak- 
vasa are compared and contrasted. Both of these schemes seek to solve the solar and 
atmospheric neutrino problems and to account for the possible neutrino oscillation 
signal in the LSND experiment. These neutrino oscillation schemes have different 
atmospheric and solar neutrino signatures that will be discriminated by Super- 
Kamiokande and SNO. They will also have different signatures in proposed long- 
baseline accelerator and reactor experiments. In particular, both of these schemes 
would give dramatic (and dramatically different) signals in an “intermediate base¬ 
line” experiment, such as the proposed ICARUS detector in the Jura mountains 17 
km from CERN. 


1 Three-mixing schemes 


At the present time there are three hints of nentrino mixing: the solar (e.g. 
[1]) and atmospheric (e.g. [2]) neutrino problems, and the signal in the LSND 
experiment [3]. Each of these can be solved by or interpreted as neutrino flavor 
oscillations. If an independent neutrino mass difference is associated with each 
of these three hints, four neutrino flavors are necessary. Since it is known that 
only three neutrino flavors participate in the weak interaction [4], the fourth 
neutrino flavor must be “sterile” [an SU(2) singlet]. Accounting for all three 
hints with only three active neutrino flavors would require that at least two 
of the phenomena must “share” one of the two available independent mass 
differences. 
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The possibility of a three-neutrino mixing scheme along these lines was noted 
by Cardall & Fuller [5]. Their scheme uses the smaller neutrino mass difference 
to account for the solar neutrino problem, and the larger mass difference to 
account for the atmospheric neutrino problem and the LSND signal. They 
proposed the following mass/mixing parameters: 
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Here where niij are the ith and jth squared neutrino mass 

eigenvalues, and we take The unitary matrix 17cF,sma (where “CF” 

stands for “Cardall & Fuller” and “sma” stands for “small mixing angle”) 
connects the neutrino flavor and mass eigenstates: where a = 

e,/i, or r and i = 1,2,3. These mass/mixing parameters were designed to 
employ the small mixing angle MSW solution to the solar neutrino problem 
(see below). However, as can readily be seen from the analysis of Ref. [6], the 
general framework of the Cardall & Fuller scheme can also accomodate the 
solar neutrino large mixing angle MSW solution: 
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and the solar neutrino “just-so” vacuum oscillation solution: 
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Another variation on the Cardall & Fuller scenario has very recently been 
proposed in Ref. [7]. 
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A rather different scheme has been suggested recently by Acker & Pakvasa 
[8], in which the smaller neutrino mass difference accounts for both the solar 
and atmospheric neutrino problems, and the larger mass difference accounts 
for the LSND signal. They propose the following mass/mixing parameters: 
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Relatively small alterations of this mixing matrix could also allow this scheme 
to accomodate slightly larger or smaller mass differences to account for a 
signihcant fraction of the LSND signal range. 


2 Consequences for solar neutrino experiments 


The solar neutrino problem arises from the observation that the measured 
solar Vf. fluxes in experiments with chlorine [9], water [10], and gallium [11] 
detectors are only a fraction of the fluxes expected from models of the sun. 
Furthermore, the fact that the detectors employing the above substances have 
different thresholds and that they observe different flux dehcits points to 
an energy dependence of the v^. suppression. This energy dependence picks 
out values of 6m} that may provide a neutrino mixing resolution to the puzzle 
(e.g. [6,12]): 6m? ~ 10“^ eV^ for an MSW effect (matter-enhanced neutrino 
flavor conversion) solution, with both small and large mixing angle solutions 
as possibilities; or 6m? ~ 10“^° eV^ for a “just-so” vacuum oscillation solution, 
with large mixing angle. 

While the Cardall & Fuller schemes employ these standard solar neutrino so¬ 
lutions, the Acker & Pakvasa scheme employs an “energy independent” solar 
neutrino solution with 6m? ~ 10“^ [13,14]. Their motivation is to use the same 
mass difference as that suggested by the claimed zenith angle dependence of 
the Kamiokande multi-GeV atmospheric neutrino data (see below). Such an 
energy independent solution is strongly disfavored if all solar neutrino exper¬ 
iments and the latest standard solar models are used [15], but is marginally 
possible if the neutrino flux is signihcantly (factor of ~ 0.6) smaller than 
that predicted by the standard solar model. The possibility of a ®B neutrino 
flux smaller than that of the SSM has received some motivation from a recent 
measurement [16] of the reaction y-l-^B ^^Be -|-p, the inverse of a reaction 
important to the determination of that flux. However, issues surrounding the 
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ability to extract the forward cross section from measurements of the inverse 
reaction have been controversial [17]. Another possibility for allowing a larger 
neutrino mass difference than those in the “standard” solar neutrino solutions 
is to ignore either the chlorine or gallium experiments [14,15]. 

The current evidence for neutrino oscillations associated with the sun rests 
simply on an observed neutrino flux dehcit as compared with solar mod¬ 
els. Two next-generation solar neutrino experiments, SNO [18] and Super- 
Kamiokande [19], will allow tests that can provide more conclusive evidence 
of neutrino mixing. These tests include time variable solar neutrino signals 
(seanonal for vacuum oscillations [20,21], day-night for the MSW solutions 
[22,23]) and distortions of the recoil electrons from neutrino interactions in 
the detector [21,23,24] (relevant for both the MSW solutions and the “just 
so” vacuum oscillation solution) .Q These effects will be visible for the Cardall 
& Fuller schemes since they adopt the standard neutrino oscillation solutions. 
However, these effects will be absent in the “energy independent” solar neu¬ 
trino solution of Acker & Pakvasa. This is a major observational difference 
between the Cardall & Fuller and Acker & Pakvasa mixing schemes. 


3 Consequences for atmospheric neutrino experiments 


Fluxes of z/g and arise from the interactions of cosmic rays with the earth’s 
atmosphere. In order to minimize uncertainties associated with neutrino cross 
sections and a lack of knowledge of the absolute magnitude of the neutrino 
fluxes, the “ratio of ratios” i? is a commonly reported observable: 


R 


(^/^/^e)data 
(^/^/^e)Monte Carlo 


(13) 


Studies involving large water detectors (Kamiokande [25] and IMB [26]) have 
reported values of i? ~ 0.6. Experiments using iron calorimeter detectors have 
had mixed results: Soudan 2 [27] has observed a dehcit in R comparable to 
that seen in the water detectors, while NUSEX [28] and Frejus [29] have not 
seen evidence for values of R signihcantly different from unity. 

An interesting aspect of the atmospheric neutrino puzzle is the zenith-angle 
dependence of R reported by the Kamiokande group for multi-GeV neutrinos 
[30]. According to their analysis, R decreases from zero zenith angle (neutrinos 
from the atmosphere immediately above the detector) to maximum zenith 

^ SNO, with its use of heavy water, will allow the very important measurement of 
the ratio of charged current/neutral current events for neutrino interactions with 
deuterium. 
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angle (neutrinos from the atmosphere on the other side of the earth). This 
dependence suggests that neutrinos from overhead do not travel far enough 
to oscillate signihcantly, while those coming from across the earth do travel 
sufficiently far to oscillate. Such a scenario restricts neutrino mass differences 
to the range 10“^ — 10“^ eV^. 

A neutrino mass difference of about 10“^ eV^ has therefore come to be as¬ 
sociated with the atmospheric neutrino problem. This is the mass difference 
employed in the Acker & Pakvasa neutrino oscillation scheme. The mass dif¬ 
ference of ~ 0.3 eV^ in the Cardall & Fuller scheme requires one to discount 
the zenith angle dependence of the Kamiokande multi-GeV data. This posi¬ 
tion is not entirely implausible, as the statistical significance of this effect has 
been questioned [31], and the IMB group saw no zenith angle dependence in 
their data [32]. 

Super-Kamiokande will be able to settle the question of zenith angle depen¬ 
dence dehnitively. Preliminary analyses already conhrm a dehcit in R averaged 
over all directions, but nothing dehnitive can yet be said about the zenith angle 
dependence [33]. This is perhaps interesting in view of the fact that Super- 
Kamiokande already has more events than were obtained with the previous 
Kamiokande detector. 

Another important point is that in the Acker & Pakvasa solution the atmo¬ 
spheric neutrino oscillations are primarily z/g to allow a simultaneous 

solution to the solar neutrino problem, while in the Cardall & Fuller scheme 
the atmospheric neutrino oscillation channel is primarily Vr to avoid con¬ 
flict with z/g disappearance experiments. Due to uncertainties in the z/g and z/^ 
absolute fluxes, it is not currently possible to determine the oscillation channel 
of atmospheric neutrinos. However, higher precision cosmic ray measurements 
may help reduce the ambiguity. 


4 Consequences for accelerator and reactor experiments 


While solar and atmospheric neutrinos have provided tantalizing suggestions of 
neutrino mixing, it is highly desirable to directly observe neutrino oscillations 
in controlled terrestrial experiments. We point out that the neutrino mass 
difference associated with solar neutrinos is so small that all three of the 
Cardall & Fuller solutions, corresponding to different solar neutrino solutions, 
will have the same effects in the terrestrial experiments discussed here. 
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4-1 Short baseline experiments 


The LSND experiment, which has reported an excess of Pg in a P^ beam from 
pion decays at rest, continues to run. KARMEN [34], a similar experiment, 
has recently received an upgrade that should eventually be able to conhrm this 
LSND signal. While the LSND signal is compatible with large neutrino mass 
differences, negative results from CCER [35], CHORUS [36], and NOMAD [37] 
restrict the viable range of of neutrino mass difference to < 10 eV^. In 
addition, LSND has recently completed a study of excess z/g events in a beam 
from pion decays in flight [38], a channel whose backgrounds and systematics 
are different from those of the z/g beam from pion decays at rest. This excess 
can also be accounted for by neutrino oscillations, with mixing parameters that 
overlap those suggested by the decay at rest data. Finally, COSMOS [39], the 
proposed short baseline counterpart to the MINOS experiment, should just 
be able to see z/^ <-> oscillations in both the Acker & Pakvasa and Cardall 
& Fuller schemes. 


4-2 Long baseline experiments 


Long baseline experiments are designed to explore the region of neutrino mix¬ 
ing parameter space suggested by the atmospheric neutrino problem, neutrino 
mass differences of ~ 10“^ eV^ in particular. Long baseline accelerator exper¬ 
iments such as MINOS (Fermilab to the Soudan mine) [40], KEK to Super- 
Kamiokande [41], and CERN to Gran Sasso [42] involve a z/^ beam and should 
be able to distinguish between z/^ -^-h- z/,- and z/^ z/g oscillations. Figure 1 
shows the oscillation (flavor conversion) probabilities for these channels im¬ 
plied by the Cardall & Fuller and Acker & Pakvasa schemes for a baseline 
of 735 km, which coincidentally is the approximate baseline length for both 
the CERN to Gran Sasso and MINOS experiments. The differences are evi¬ 
dent. The Acker & Pakvasa scheme has large amplitude z/^ z/g mixing, with 
oscillations in energy space that could probably be observed experimentally. 
The Cardall and Fuller scheme has large amplitude z/^ z/,- mixing, with the 

oscillations in energy space being so rapid that in practice an average would 
probably be measured. 

There are also forthcoming long baseline reactor experiments, CHOOZ [43] 
and Palo Verde [44]. These are z/g disappearance experiments which will be 
sensitive to neutrino mass differences as low as ~ 10“^ eV^, but which will not 
provide increased sensitivity to the oscillation amplitude. These experiments 
are therefore sensitive to a z/^ z/g solution to the atmospheric neutrino prob¬ 
lem (which has a very large effective mixing angle). They would see neutrino 
oscillations predicted by the Acker & Pakvasa scheme, but not those predicted 
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Fig. 1. Probabilities for (a) Vf. and (b) appearance in a beam, as a function 
of neutrino energy, for a baseline of 735 km (CERN to Gran Sasso and Fermilab 
to the Soudan mine). “CF” and “AP” stand for the Cardall h Fuller and Acker & 
Pakvasa oscillation schemes respectively. 

by the Cardall & Fuller solution. 

Ji-.3 The Jura mountain neutrino detector 

The ICARUS collaboration, which is producing neutrino detectors for the 
CERN to Gran Sasso long baseline experiment, has recently proposed placing 
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Fig. 2. Probabilities for (a) Vf. and (b) appearance in a Vp, beam, as a function 
of neutrino energy, for a baseline of 17 km (CERN to the Jura mountains). “CF” 
and “AP” stand for the Cardall & Fuller and Acker &: Pakvasa oscillation schemes 
respectively. 

one of their detector modules behind the Jura mountains 17 km from CERN 
[45]. This “intermediate baseline” experiment is of great interest in light of 
the three-neutrino mixing schemes discussed here, since the neutrino flight 
distance divided by the neutrino oscillation length is such that neutrino oscil¬ 
lations should be directly observable in energy space, as illustrated in Figure 
2 [the estimated energy resolution for ICARUS is (5-15)%]. This experiment 
was proposed with the Acker & Pakvasa scheme in mind, but Figure 2 shows 
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Table 1 

Some experimental signatures of the Cardall & Fuller and Acker &: Pakvasa schemes. 


Experimental signature 

Cardall & Fuller 

Acker & Pakvasa 

Solar neutrinos: 

Energy dependence 

Yes 

No 

Spectral distortions 

Yes 

No 

Time dependence 

Yes 

No 

Atmospheric neutrinos: 

Zenith angle variation 

No 

Yes 

Long baseline reactor: 

Vf. disappearance 

No 

Yes 

Long baseline accelerator: 

Vf. appearance 

No 

Yes (unaveraged) 

Vt appearance 

Yes (averaged) 

No 

Intermediate baseline accelerator: 

Vf. appearance 

No 

No 

Vt appearance 

Yes (unaveraged) 

Yes (unaveraged) 


that the Cardall & Fuller scheme predicts an even more spectacular signal in 
the Vr appearance channel. We emphasize that an intermediate baseline exper¬ 
iment such as this is important to distinguish between the Acker & Pakvasa 
and Cardall & Fuller schemes, and to directly observe two features of those 
schemes which are presently only inferred from phenomenological considera¬ 
tions: (1) a neutrino mass difference in the range 0.1 < 5w? < 1 eV^, and (2) 
signihcant Vr mixing, which is (at least in part) indirectly responsible 

for the signal observed at LSND. 


5 Conclusion 


There exist at least two three-neutrino mixing schemes designed to satisfy 
three hints of neutrino mixing (the solar and atmospheric neutrino problems, 
and the signal at LSND). Some of their signatures in future experiments are 
given in Table 1. Accomodating all three of these hints would normally re¬ 
quire four neutrino flavors; use of a three generation framework requires ig¬ 
noring some aspect of the data. Cardall & Fuller have chosen to ignore the 
zenith angle dependence of the atmospheric neutrino data, while Acker & 
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Pakvasa have chosen to ignore the energy dependence of the solar neutrino 
data. The former choice has recently been identihed in a thorough analysis as 
the choice of “minimum sacrihce” [46], and the validity of the above assump¬ 
tions regarding atmospheric and solar neutrinos will eventually be tested by 
Super-Kamiokande and SNO. Nevertheless, direct experimental verihcation 
of the predictions of these schemes in a controlled terrestrial experiment is 
highly desirable. In particular, an “intermediate baseline” experiment such as 
the proposed ICARUS detector to be placed behind the Jura mountains 17 
km from CERN is important to be able to see, in energy space, unaveraged 
^ oscillations driven by a neutrino mass difference of 0.1 < < 1 

eVT 


Acknowledgements 


We thank M. Goodman and W. Haxton for helpful communications. This work 
was supported by grant NSF PHY95-03384 


References 


[1] J. N. Bahcall, Astrophys. J. 467 (1996) 475; W. Haxton, Ann. Rev. Astron. 
Astrophys. 33, 459 (1995). 

[2] T. K. Gaisser, F. Halzen, and T. Stanev, Phys. Rep. 258 (1995) 173. 

[3] C. Athanassopoulos et al. (LSND Collaboration), Phys. Rev. Lett. 75 (1995) 
2650; C. Athanassopoulos et al. (LSND Collaboration), Phys. Rev. Lett. 77 
(1996) 3082. 

[4] D. Buskulic et al. (ALEPH Collaboration), Z. Phys. C 60 (1993) 71; B. Adeva 
et al. (L3 Collaboration), Phys. Lett. B 237 (1990) 136. 

[5] C. Y. Cardall and G. M. Fuller, Phys. Rev. D 53 (1996) 4421. 

[6] G. L. Fogli, E. Lisi, and D. Montanino, Phys. Rev. D 54 (1996) 2048. 

[7] E. Ma and P. Roy, preprint TIFR/TH/97-12, UCRHEP-T186, |hep-ph/970630g 
(1997). 

[8] A. Acker and S. Pakvasa, Phys. Lett. B 397 (1997) 209. 

[9] B. T. Cleveland et al., Nucl. Phys. B (Proc. Suppl.) 31 (1995) 47; R. Davis, Prog. 
Part. Nucl. Phys. 32 (1994) 13. 

[10] Y. Fukuda et al. (Kamiokande Collaboration), Phys. Rev. Lett. 77 (1996) 1683. 


10 





[11] W. Hampel et al. (GALLEX Collaboration), Phys. Lett. B 388 (1996) 384; J. 
N. Abdurashitov et al. (SAGE Collaboration), Phys. Rev. Lett. 77 (1996) 4708. 

[12] N. Hata and P. Langacker, preprint lASSNS-AST 97/29, UPR-751T, |hep-| 
I ph/9705339| (1997); J. N. Bahcall and P. 1. Krastev, Phys. Rev. D 53 (1996) 

4211. 


[13] A. Acker, J. G. Learned, S. Pakvasa and T. J. Weller, Phys. Lett. B 298 (1993) 
149; G. Conforto et ah, Astropart. Phys. 5 (1996) 147. 

[14] P. P. Harrison, D. H. Perkins, and W. G. Scott, Phys. Lett. B 349 (1995) 137. 

[15] P. 1. Krastev and S. T. Petcov, preprint lASSNS-AST 96/58, SISSA 166/96/EP, 
|hep-ph/9612243| (1996). 

[16] T. Motobayashi et ah, Phys. Rev. Lett. 73 (1994) 2680. 

[17] W. C. Haxton, Nuch Phys. B (Proc. Supph) 48 (1996) 317; R. Shyam, 1. 
J. Thompson, and A. K. Dutt-Mazumder, Phys. Lett. B 371 (1996) 1; J. v. 
Schwarzenberg et ah, Phys. Rev. C 53 (1996) R2598; T. Kikuchi et ah, Phys. 
Lett. B 391 (1997) 261. 


[18] G. T. Ewan et ah (SNO Collaboration), preprint SNO-87-12 (1987). 

[19] Y. Totsuka, Nuch Phys. B (Proc. Supph) 48 (1996) 547. 


[20] G. L. Eogli, E. Lisi, and D. Montanino, preprint BARI-TH/276-97, |hep- 
I ph/970622^ (1997). 

[21] P. 1. Krastev and S. T. Petcov, Nuch Phys. B 449 (1995) 605; P. 1. Krastev and 
S. T. Petcov, Phys. Lett. B 299 (1993) 99. 

[22] J. N. Bahcall and P. 1. Krastev, preprint lASSNS-AST 97/31, |hep-ph/970623g 
(1997); P. 1. Krastev, talk presented at the DPF ’96 meeting, preprint hep- 

I ph/96103^ (1996). 

[23] M. Maris and S. T. Petcov, preprint SISSA 17/97/EP, |hep-ph/9705392| (1997). 

[24] J. N. Bahcall, P. 1. Krastev, and E. Lisi, Phys. Rev. C 55 (1997) 494. 


[25] K. S. Hirata et ah (Kamiokande Collaboration), Phys. Lett. B 280 (1992) 146. 

[26] D. Casper et ah (IMB Collaboration), Phys. Rev. Lett. 66 (1991) 2561. 

[27] W. W. M. Allison et ah (Soudan Collaboration), Phys. Lett. B 391 (1997) 491. 

[28] M. Aglietta et ah (NUSEX Collaboration), Europhys. Lett. 8 (1989) 611. 


[29] Ch. Berger et ah (Frejus Collaboration), Phys. Lett. B 245 (1990) 305. 

[30] Y. Fukuda et ah (Kamiokande Collaboration), Phys. Lett. B 335 (1994) 237. 


[31] D. Saltzberg, Phys. Lett. B 355 (1994) 237; G. L. Eogli and E. Lisi, Phys. Rev. 
D 52 (1995) 2775. 


[32] R. Clark et ah (IMB Collaboration), preprint (1997). 


11 























[33] T. Haines, talk presented at the INPAC meeting, 2 May 1997, Berkeley, 
California, USA. 

[34] J. Kleinfeller for the KARMEN collaboration, Nucl. Phys. B (Proc. Suppl.) 51B 
(1996) 249. 

[35] K. S. McFarland et al. (CCER Collaboration), Phys. Rev. Lett. 75 (1995) 3993. 

[36] D. Saltzberg et al. (CHORUS Collaboration), in the Proceedings of the 7th 
International Conference on Neutrino Telescopes, Venice, Italy, 1996, ed. M. 
Baldo Ceolin (University of Padova, Italy, 1996), p. 91. 

[37] A. Rubbia et al. (NOMAD Collaboration), in the Proceedings of the 7th 
International Conference on Neutrino Telescopes, Venice, Italy, 1996, ed. M. 
Baldo Ceolin (University of Padova, Italy, 1996), p. 101. 

[38] C. Athanassopoulos et al. (LSND Collaboration), preprint LA-UR-97-1998 
(1997). 

[39] R. Sidwell et al. (COSMOS Collaboration), preprint NuMI-S-94 (1995). 

[40] D. Ayres et al. (MINOS Collaboration), preprint NuMI-L-62 (1995). 

[41] K.Nishikawa et al., “Proposal for a Long Baseline Neutrino Oscillation 
Experiment, using KEK-PS and Super-Kamiokande” (1995). 

[42] F. Cavanna (for the ICARUS Collaboration), preprint CERN-PPE/95-133 
(1995). 

[43] H. de Kerret et al. (CHOOZ Collaboration), “Proposal to Search for Neutrino 
Vacuum Oscillations to Am^ = 10“^ eV^ Using a 1 km Baseline Reactor Neutrino 
Experiment” (1993). 

[44] F. Boehm et al. (Palo Verde Collaboration), “Review of Progress, The Palo 
Verde Experiment” (1996). 

[45] A. Rubbia et al. (ICARUS Collaboration), preprint CERN/SPSLC 96-58, 
SPSLC/P 304 (1996). 

[46] G. L. Fogli, E. Lisi, D. Montanino, and G. Scioscia, preprint BARI-TH/273-97, 
Ihep-ph 79706'^ (1997). 


12 




